Abstract. Mo and Wang, in 1995, defined and studied the notion of fuzzy interior ideal generated by a fuzzy subset in a semigroup with unity. In this paper, we study the concept of fuzzy interior ideal generated by a fuzzy subset in a semigroup. Our study does not require the existence of unit element. We provide an expression for generated fuzzy interior ideal in terms of interior ideals generated by the level subsets of the given fuzzy subset. Further, we study the homomorphic image and homomorphic pre-image of generated fuzzy interior ideal in a semigroup.
Introduction
Fuzzy sets, introduced by Zadeh [1] has tremendous growth in various fields due to its vast applications. Rosenfeld [2] adapted the concept of fuzzy set to define fuzzy subgroup and fuzzy ideals. In [3] [4] [5] , fuzzy semigroups and various kinds of fuzzy ideals in semigroups were introduced and certain semigroups were characterized by Kuroki. Since then authors like Liu [6] , Hong, Jun and Meng [7] , Jun and Zun Song [8] , Sardar, Davvaz and Majumder [9] , Shabir and Asghar Khan [10] , Davvaz, Khan, Saima Anis and Shamas-ur-Rehman [11] and many others have given their contribution for the development of fuzzy ideals in various algebraic structures. Fuzzy ideals generated by fuzzy subsets in semigroups with unit element was defined by Mo and Wang [12] . Xie [13] reproved the results of Mo and Wang by characterizing the fuzzy ideals generated by fuzzy subsets using the level subsets. Inheung Chon [14] obtained the characterization of fuzzy ideals generated by fuzzy subsets in semigroups using t-norm. Ravi Srivastava and Ratna Dev Sarma [15] established the existence of fuzzy bi-ideal generated by a fuzzy set in a semigroup and gave an expression for generating fuzzy bi-ideal of a given fuzzy set. Mo and Wang, in 1995, defined and studied the notion of fuzzy interior ideal generated by a fuzzy subset in a semigroup with unity. In this paper, we study the concept of fuzzy interior ideal generated by a fuzzy subset in a semigroup. Our study does not require the existence of unit element. We provide an expression for generated fuzzy interior ideal in terms of interior ideals generated by the level subsets of the given fuzzy subset. Further, we study the homomorphic image and homomorphic pre-image of generated fuzzy interior ideal in a semigroup.
Preliminaries
Let S be a semigroup. A non-empty subset A of S is called a subsemigroup of S if A 2 ⊆ A ( [16] ). A subsemigroup A of S is called an interior ideal of S if S AS ⊆ A ( [17] ). If A is any non-empty subset of S , then the intersection of all interior ideals of S containing A is the smallest interior ideal of S containing A. We call it the interior ideal of S generated by A and is denoted by < i A >. It is not difficult to see that the interior ideal of S generated by A is
Definition 2.1.
[1] A fuzzy subset µ of a non-empty set X is a mapping from X to [0,1]. Let F(S ) denote the collection of all fuzzy subsets of a semigroup S .
Definition 2.2.
[6] The product of two fuzzy subsets µ and λ of a semigroup S is defined by
for every x ∈ S . 
Fuzzy interior ideal
In this section, we study the notion of fuzzy interior ideal in a semigroup and discuss some related results on it. 
Assume that the non-empty strong level subset µ > t of µ is an interior ideal of S . Let µ t be a non-empty level subset of µ. Then, by the proof of Theorem 2.5 of [15] ,
k is an interior ideal of S . Since the non-empty intersection of an arbitrary family of interior ideals of S is an interior ideal of S , we have µ t is an interior ideal of S .
(ii) ⇒ (i). Assume that the non-empty level subset µ t of µ is an interior ideal of S . We prove that µ is a fuzzy interior ideal of S . Suppose µ is not a fuzzy interior ideal of S . ince µ t is a subsemigroup of S and so µ is a fuzzy subsemigroup of S . Then for some x 0 , y 0 , z 0 ∈ S , µ(x 0 y 0 z 0 ) < µ(y 0 ). This implies µ(z) < µ(y 0 ), where z = x 0 y 0 z 0 . Choose a real number t such that µ(z) < t < µ(y 0 ). Then z µ t and y 0 ∈ µ t . Therefore z = x 0 y 0 z 0 ∈ S · µ t · S , but z µ t . Thus S · µ t · S µ t , which contradicts (ii). Hence µ is a fuzzy interior ideal of S . Definition 3.3. For a subset A of a set X and k 1 , k 2 ∈ [0, 1] such that k 1 > k 2 and for all x ∈ X, we define the fuzzy subset µ A of A by
Theorem 3.4. Let A be a non-empty subset of a semigroup S . Then A is a subsemigroup of S if and only if the fuzzy subset µ A of A is a fuzzy subsemigroup of S .
Proof. Let A be a subsemigroup of S . Suppose x, y ∈ S and
Conversely, assume that µ A is a fuzzy subsemigroup of S . Then for any x, y ∈ A and
Thus µ A (xy) = k 1 and so xy ∈ A. Hence A is a subsemigroup of S .
Theorem 3.5. Let A be a non-empty subset of a semigroup S . Then A is an interior ideal of S if and only if the fuzzy subset µ A of A is a fuzzy interior ideal of S .
Proof. Let A be an interior ideal of a semigroup S . Since A is a subsemigroup of S , we have µ A is a fuzzy subsemi-
Conversely, assume that µ A is a fuzzy interior ideal of S . Then for any x, z ∈ S , y ∈ A and
Hence A is an interior ideal of S .
Taking k 1 = 1 and k 2 = 0 in Theorem 3.5, we have the following corollary. 
Generated fuzzy interior ideal
In this section, we study the notion of fuzzy interior ideal generated by a fuzzy subset in a semigroup and discuss the homomorphic image and homomorphic pre-image of such generated fuzzy interior ideal in a semigroup.
Theorem 4.1. The non-empty intersection of an arbitrary family of fuzzy interior ideals of a semigroup S is a fuzzy interior ideal of S .
Proof. Let {µ j } j∈Ω be an arbitrary family of fuzzy interior ideals of S and µ = j∈Ω µ j . Since the non-empty intersection of an arbitrary family of fuzzy subsemigroups is a fuzzy subsemigroup of S , µ is a fuzzy subsemigroup of S . Now for any x, y, z ∈ S ,
Therefore µ is a fuzzy interior ideal of S . Hence the intersection of an arbitrary family of fuzzy interior ideals of S is a fuzzy interior ideal of S . 
, where k 0 > t. Thus in any case we have, x ∈ i µ > k n for some k n > t and hence
Theorem 4.5. Let µ ∈ F(S ). Then i µ * * is the fuzzy interior ideal of S generated by µ. 
Proof. By Lemma 4.4, (
Theorem 4.7. Let µ ∈ F(S ). Then the fuzzy interior ideal i µ of S generated by µ is
Proof. The proof follows immediately from Theorem 4.5 and Lemma 4.6. 
Theorem 4.9. Let µ ∈ F(S ). Then η = µ ∪ µ • µ ∪ S • µ • S is the fuzzy interior ideal of S generated by µ.
Proof. In view of Lemmas 3.1 and 4.8, for some t ∈ [0, 1], we have
for every x ∈ S .
Combining Theorem 4.9 and Remark 4.10, we have the following theorem. and η(e) = 0.5. It is easily checked that η is a fuzzy interior ideal of S . Let η 1 be a fuzzy interior ideal of S containing 
Theorem 4.14. Let f : S → T be a homomorphism of semigroups and µ ∈ F(T ). If η is a fuzzy interior ideal of T generated by µ, then the pre-image f −1 (η) of η under f is a fuzzy interior ideal of S generated by f −1 (µ).
Proof. Assume that η is a fuzzy interior ideal of T generated by µ. Then the pre-image f −1 (η) of η under f is a fuzzy subset of S containing f −1 (µ). For every x, y ∈ S , we have
Thus f −1 (η) is a fuzzy subsemigroup of S . Now, for every x, y, z ∈ S , we have
Hence f −1 (η) is a fuzzy interior ideal of S . Suppose f −1 (η 1 ) is a fuzzy interior ideal of S such that f −1 (η 1 ) ⊇ f −1 (µ), where η 1 is any fuzzy interior ideal of T such that η 1 ⊇ µ. Let x be any element of S . Then f (x) = y for some y ∈ T . By Theorem 4.11, we have
This shows that f −1 (η) ⊆ f −1 (η 1 ). So f −1 (η) is the smallest fuzzy interior ideal of S containing f −1 (µ). Hence f −1 (η) is the fuzzy interior ideal of S generated by f −1 (µ).
Definition 4.15.
[2] Let f be a mapping from a set X into a set Y and µ be a fuzzy subset of X. Then the image of µ, denoted by f (µ), is the fuzzy subset of Y defined by
for every y ∈ Y, where f −1 (y) = {x ∈ X| f (x) = y}. Theorem 4.17. Let f : S → T be an onto homomorphism of semigroups and µ ∈ F(S ). If η is a fuzzy interior ideal of S generated by µ with sup property, then f (η) is a fuzzy interior ideal of T generated by f (µ).
Proof. Assume that η is a fuzzy interior ideal of S generated by µ with sup property. Then the image f (η) of η under f is a fuzzy subset of T containing f (µ). For any
η(x 1 ), η(y 0 ) = sup
η(x 1 ), sup
Therefore f (η) is a fuzzy subsemigroup of T . Also It follows that f (η) ⊆ f (η 1 ). So f (η) is the smallest fuzzy interior ideal of T containing f (µ). Hence f (η) is the fuzzy interior ideal of T generated by f (µ).
Conclusion
In this paper, we have studied the notion of fuzzy interior ideal generated by a fuzzy subset in a semigroup. We have provided an expression for generated fuzzy interior ideal in terms of interior ideals generated by the level subsets of the given fuzzy subset. We have also studied the homomorphic image and homomorphic pre-image of generated fuzzy interior ideal in a semigroup. In future, we will apply these results to other algebraic substructures of a semigroup.
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